Abstract. Using a multiple scattering technique, we derived closed-form expressions for effective constitutive parameters and electro/magneto-strictive tensor components for 2D bianisotropic metamaterials. Using the principle of virtual work, we obtained the electromagnetic stress tensor that can be used to calculate the optical force density inside such media. The analytic expressions are tested against full wave numerical simulations. Our effective medium theory is essential for providing a complete macroscopic description of the optical and optomechanical properties of bi-anisotropic composites.
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formulate an effective medium approach for 2D bi-anisotropic metamaterials. Our approach is complete in the sense that it not only provides the usual constitutive parameters that can calculate scattering and absorption, but also provides enough information to evaluate microscopic details such as the optical force density inside the metamaterial, which is known to be more difficult to calculate than the total force. Such capability enables us to consider the opto-mechanical response of such materials, in particular soft composites which can be deformed in light fields due to the non-uniform optical force distribution [23] [24] [25] .
Using multiple scattering theory (MST), we analytically derived the macroscopic effective parameters as well as the electro/magneto-strictive tensors for these materials. Using the virtual work method, we derived the electromagnetic (EM) stress tensor (called extended Helmholtz stress tensor thereafter) for bi-anisotropic media, which can be used to calculate the optical force density inside a bi-anisotropic metamaterial with complex structures. We note that traditional effective medium theories do not provide sufficient information to study the optical force density because they do not give expressions for the electro/magneto-strictive tensor components. By comparing the results produced by different stress tensors, we demonstrate that the extended Helmholtz stress tensor gives the most accurate description of optical force density in bi-anisotropic metamaterials.
The bi-anisotropic metamaterials considered in this study consist of identical chiral inclusions arranged into a regular lattice in the xy plane embedded in air with permittivity 0  and permeability 0  , as shown schematically in Fig. 1a . In the long-wavelength limit, the effective relative constitutive parameters of the metamaterials have diagonal matrix forms as ˆˆˆˆˆˆˆˆˆˆˆˆˆ, , . 
In such a bi-anisotropic material, the EM wave has two eigenmodes with corresponding wave numbers satisfy the following relationships: where the wave number product can be factorized into two parts involving the out-of-plane (with subscript z) and in-plane (with subscript t) constitutive parameters, respectively, and 0 k is the wave number in air. The dispersion relation for a periodic system can be obtained by considering 3 the secular equation derived from the MST, and in the long-wavelength limit it reduces to (detail derivation is given in supplemental material Sec. I) For the special case of isotropic inclusions, Eq. (6) reduces to a Maxwell-Garnett form expression whose transverse components bear some resemblance to the 3D chiral MaxwellGarnett formulas [29, 30] , see Supplemental material Sec. I. C [26] . The electro/magnetostrictive tensors can also be obtained using the MST (see Supplemental material Sec. I. D. [26] ) after some tedious derivations, which have the following expressions: here. We can see clearly that the electro/magneto-strictive tensors obtained from numerical calculations (circles) are essentially identical to those calculated using the formulas (lines), indicating that our derived formulas are correct.
According to the virtual work principle [31] , the work done by a stress acting on a material boundary is equal to the variation of total EM energy. According to this identity, we can obtain the expression of the extended electromagnetic stress tensor for the bi-anisotropic medium as (see detail in Supplemental material Sec. III [26] ) ** ** 2 2 * 00
where ik  is the Kronecker delta function. We call Eq. (8) the extended Helmholtz stress tensor because it is an extended form of traditional Helmholtz stress tensor [31, 36] that only works for achiral medium. Equation (8) is derived by applying virtual work principle based on free energy formulation of the EM problem. Therefore, it requires that the EM energy density, i.e.  -E D H B , of macroscopic effective medium must be equal to that of the microscopic metamaterial lattice. We proved in the Supplementary Materials Sec. VI [26] that such a relationship holds in the long-wavelength limit.
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In the following, using examples with real structures, we will show that the propagating fields as well as the optical force density inside the bi-anisotropic metamaterials can be obtained using the Eqs. (6)- (8) .
Consider the configuration shown in Fig 1(a) , with a plane wave incident obliquely on the bi-anisotropic metamaterial slab with a square lattice structure, which has N layers along the x direction and is periodic along the y direction. In the long-wavelength limit, the metamaterial can be treated as an effective homogenous medium. The metamaterial, which is sandwiched by two layers of effective medium of the same type, should correspond to the effective medium slab shown in Fig. 1(b) . We note that introducing the two layers of effective medium in Fig. 1(a) helps to reduce the boundary effect, which does not affect the physics discussed here. In the following, we consider two types of helical structures (labelled as type I and II) as shown in Fig.   1 (c). The type I cylinder consists of a chain of helices with axis along the z direction, while the type II consists of a chain of helices with orthogonal axis along x and y directions, respectively.
The helix chains are along z direction and have the same period D . Each helix has minor radius r, major radius R and contains 6 pitches with pitch length p. The helices are made of gold whose relative permittivity is described by the Drude model . As the pitch length p is much smaller than the major radius R, the helix is almost rotational invariant about its axis. As such, the Mie coefficients of the type I and II cylinders fulfill ,,
(verified by the numerical calculations) which is the sufficient condition that the effective parameters of the metamaterials composed of these cylinders can be calculated using Eq. (6).
We first consider bi-anisotropic metamaterial composing of an array of type I chiral cylinders, where the helices are right-handed. The lattice constant of the metamaterial is set to be Fig 3(a) . We can see that the spatially averaged lattice fields (circles) match the effective fields (lines) well. Such good agreement is also found for other field components, see
Supplemental material Sec. V [26] . So the effective constitutive parameters provide an accurate description of the fields inside the metamaterial. In Supplemental material Sec. II. C [26] , we also show the consistency between the numerical and analytical calculations of the electro/magneto-strictive tensors, indicating the validity of Eq. (7) for these structures.
To verify the correctness of the extended stress tensor, we did three types of calculations.
For the first type, the total force acting on each chiral cylinder is calculated by integrating the Maxwell stress tensor over a boundary that encloses the cylinder [such as the dashed square in Fig. 4(c) , the Maxwell stress tensor will no longer give the correct description of optical force density. In Fig. 4(c) , we show the consistency between the spatially averaged lattice fields and the fields inside the effective medium at the resonant frequency 10.6 THz f  . The comparison of the optical force densities calculated using different approaches is shown in Fig. 4(d) . The Maxwell stress tensor gives the correct trend but not the magnitude of the optical force density while the results of the extended Helmholtz stress tensor are in accordance with that of the microscopic lattice.
In summary, using multiple scattering theory, we derived closed-form expressions for effective constitutive parameters and electro/magneto-strictive tensors components for 2D bianisotropic metamaterials. We also derived an expression for the extended electromagnetic stress tensor for these materials. The effective constitutive parameters can describe the optical scattering and absorption properties of bi-anisotropic metamaterials while the electro/magnetostrictive components, together with the extended electromagnetic stress tensor, provides sufficient information to determine the total optical force and the optical force density induced by external EM waves. We can use these macroscopic parameters to describe and predict the optical and opto-mechanical responses of complex man-made bi-anisotropic media, without the need to worry about the complex underlying structure. The results can also deepen our understanding of light-induced forces inside a complex medium and may find applications in optical manipulations, such as the optical stretching, compressing and sorting of materials. Correspondence to: phchan@ust.hk
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Section I: Analytic derivations of the effective constitutive parameters and electro/magneto-strictive tensors
Using multiple scattering theory (MST), we derived closed-form expressions for the effective constitutive parameters as well as electro/magneto-strictive tensors for bi-anisotropic metamaterials in the long-wavelength limit. The former can be regarded as an extension of the traditional Maxwell-Garnet formula to bi-anisotropic metamaterials and the latter are useful for calculating the optical force distribution inside metamaterials.
A. Mie theory for isotropic chiral cylinders
Consider the scattering of electromagnetic wave by a single chiral cylinder. The cylinder is isotropic with the constitutive relations given by 00 / , / i c i c .
Using the Mie scattering method [1] , the incident field, scattered field and the field inside the chiral cylinder at a location ( , ) r   r can be written as (1) (1) 00 (1) (1) 0 00 0
00 . [1] Employing the boundary conditions that the tangential electromagnetic fields should be continuous, we have 
B. Multiple scattering formulism for bi-anisotropic cylinders
In this subsection, we will derive the secular equation starting from the MST. The chiral cylinders actually do not need to be isotropic, and their scattering properties can still be described by the Mie coefficients ,, For a 2D periodic system with multiple scattering between the cylinders, the incident field acting on an arbitrary cylinder j also includes the scattering fields from other cylinders, which can be written as
00 (1) (1) 00 
00 (S7) [3] . Up to dipole orders, the secular equation is reduced to
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In the long-wavelength limit where 0, 0 K   , the lattice sum can be decoupled as [3, 4] 
where a denotes the lattice constant,  is the volume of the unit cell, and ( , ) 
C. Derivation of the effective constitutive parameters
In this section, we will obtain the closed-form expressions for the effective parameters for For the effective medium, the electromagnetic wave has two eigen-modes with corresponding wave numbers expressed as
z t t z z t z t t z z t z t t z z t t t z z
Kk
which leads to the following relationships 
From Eq. (S14), we can see that R and S/P are related to the zeroth and first order Mie coefficients, respectively. And we note that the zeroth and first order Mie coefficients are related to the monopoles and dipoles which correspond to the z and transverse components, respectively.
Thus, comparing Eq. (S12) with Eq. (S13), we obtain 22 , . 
For special case of isotropic inclusions, substituting Eq. (S3) into the above equations, then we being the dimensionless size parameter of the inclusions. We note that Eq. (S17) is more fundamental than Eq. (S18) since it does not require the inclusions to be isotropic. For anisotropic inclusions with constitutive parameters such as Eq. (1), the effective constitutive parameters can be obtained using Eq. (S17)
once the Mie coefficients of the inclusions are known. Note that Eqs. (S17) and (S18) are valid for both regular and random lattice structures in the long-wavelength limit, since they are only related to the scattering properties of inclusions and the filling ratios. And when 0   , Eq. (S18) reduces to the well-known traditional 2D Maxwell Garnett formula.
From Eq. (S18), we can obtain the following relationship
The same relationship has been found in 3D isotropic chiral metamaterials [6] . The identity (S19)
indicates that the relation among effective constitutive parameters of the metamaterial is essentially equal to that of the inclusions. Therefore we can tune the effective constitutive parameters by adjusting the constitutive parameters of the inclusions according to Eq. (S19).
Also, combining Eq. (S18b) and the Eq. (9) in Refs. [6] , a general expression for both the 2D and 3D chiral metamaterials is found as (
( 1) In the following, we will numerically check the validity of Eq. (S18). We consider a square/hexagonal lattice formed by 50 layers of cylinders ( 8, 1, 2
and is periodic along the y direction. When the lattice constant a is much smaller than the wavelength, such a lattice can be regarded as an effective slap according to the EMT and the corresponding effective constitutive parameters can be obtained using Eq. (S18). The validity of the effective parameters can be tested by checking the consistence between the spatially averaged lattice fields, such as the electric field and displacement field:
, and the fields in the corresponding effective medium [7] . To do this, we consider a z H polarized plane wave obliquely incident on the lattices, as shown in the insets of Fig.1 , and calculate the spatially averaged lattice fields using a commercial finiteelement-method package COMSOL [8] . The electric field and displacement field along the x direction inside the corresponding effective medium are also numerically computed. We can see that for both square [ Fig.S2(a) ] and hexagonal lattices [ Fig.S2(b) ], the spatially averaged lattice fields (symbols) are in accordance with the fields in effective mediums (lines). Such consistence also exists for the magnetic field. This indicates that our formulas Eq. (S18) can correctly determine the effective constitutive parameters for this kind of bi-anisotropic metamaterials. 
D. Derivation of the electro/magneto-strictive tensors
The electro/magneto-strictive tensors are defined as 
is the strain tensor with () x u being the displacement vector [9] . The electrostrictive and magnetostrictive tensors describe the "stiffness" of constitutive parameters under stretching (diagonal terms in ik u ) and shearing (off diagonal terms in ik u ) [10, 11] . In Fig. 3 For the lattice stretched along the x direction, the lattice sums can be expressed as [5] 
where ,, P R S are defined in Eq. (S14), and 2  2  2  2 2  2  2 2  1  1  1  1  1  1  1  1   2  2  2  2  1  1  1  1 
, see Eq. (S15). Thus we have
According to Eq. (S24) and Eq. (S16a), we could easily obtain that
For the in-plane components, we write
where 12 , gg and 12 , ff are coefficients to be determined. We write B are interchanged. Second, they should be even functions of 1 C (or  ). Third, they should be reduced to the achiral forms Substituting Eqs. (S28) and (S16b) into Eq. (S25), we could have
Up to now, 12 , gg and 1 f are still undetermined. We use another information that Eq. (S27) should be reduced to the form of the amorphous metamaterials when 0  . The electrostrictive and magnetostrictive tensors for amorphous metamaterials can be directly obtained according to Eq. (S16b), namely
And considering that 1 g and 2 g should be interchanged when interchanging 1 A and 1 B , we have 
The partial differentiate of the constitutive parameters with respect to yy u can be directly obtained by replacing  by  [5] .
For the sheared lattice, the lattice sums are 27   2  2  0  1  2  2  2  2  2  2  2  2  0  0  0  0 
where 0.596    for the square lattice and 1.0     for the hexagonal lattice [5] . For the unit cell being sheared, substituting Eq. (S33) into the secular equation Eq. (S8), similarly we have 
Then we can easily obtain that 
The validity of the derived electo/magneto-strictive tensors in Eqs. (S32) and (S37) can be tested by comparing them with numerical simulation results, which are obtained using the eigenfields and the band dispersions combined with finite-differences method, see detail in the following section. 
, , give the same result due to the relation between the two eigen-fields.
We can repeat the calculation after deforming the unit cell, and the electrostrictive and magnetostrictive tensors can be obtained using the finite differences. For example, for the square lattice, we obtain the effective permittivity of the out-plane component before and after the unit where a is the lattice constant, and a  is an infinitesimal stretching displacement along the x direction, see Fig.S3 .
B. Calculating complex K Bloch bands for the artificial chiral inclusions
To obtain the eigen-fields and the corresponding Bloch K vectors, we need to calculate the complex K Bloch bands, which can be calculated using the Weak-Form-PDE module in COMSOL [12] [13] [14] .
For bi-anisotropic medium possesses the following constitutive relations 00 / ,
i c i c
and if the constitutive parameters have diagonal matrix forms, the wave equations inside the medium are
For the 2D system, because the transverse fields can be obtained from the z component fields according to the Maxwell equations, we only consider the z component fields. And using the Bloch theorem where   1  2  3  2  2  2 ,,
and , , , and S5. We can see that within the numerical error, the numerical results accord with the formula results very well, indicating that Eq. (7) in the main text can be used for calculating the electro/magneto-strictive tensors for these bi-anisotropic metamaterials correctly. 
Section V. Spatially averaged fields and energy density inside the metamaterials
For type I bi-anisotropic metamaterial, we show the consistencies between the spatially averaged lattice fields and the fields inside the effective medium for x and z components in Fig.   S7 .
In Fig. S8 we show that for both the type I and type II bi-anisotropic metamaterials, the spatially averaged energy densities inside the metamaterial using full wave simulations agree with the energy densities inside the corresponding effective mediums very well. These consistencies provide the necessary condition for applying the extended Helmholtz stress tensor to calculate the optical force density. We note that the agreements are not good near the boundaries. It is expected since any type of EMT description will fail close to the boundaries.
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We also note that the spatially averaged energy density is not exactly identical to the corresponding energy density inside the effective medium, this is because the lattice constant in the real structure is not so small compared with the wavelength. In the following section, we will analytically show that these two energy densities are equal in the true long-wavelength limit. Figure S7 . For x and z components, comparison between the spatially averaged EM fields inside bi-anisotropic metamaterials using full wave simulations and the EM fields in the corresponding effective medium. (a) The parameters used are the same with those in Fig. 2 . Figure S8 . Comparison between the spatially averaged EM energy density inside bi-anisotropic metamaterials using full wave simulations and the EM energy density in the corresponding effective medium. (a) The parameters used are the same with those in Fig. 2. (b) The parameters used are the same with those in Fig. 3(a)-(b) .
Section VI. The equality relationship between the microscopic and macroscopic energy densities
In this section, we will show that from the spatial average relation between the microscopic and macroscopic fields, the equality relationship between the microscopic and macroscopic energy densities can be obtained.
In the long wavelength limit, the effective fields (macroscopic fields) inside the effective medium are defined as the spatial average of the fields (microscopic fields) inside the metamaterial [5] , namely (S58) i
   EB
That is the electric field is a curl-free vector, therefore it can be written as gradient of a scalar, . In the following, we will take the cubic lattice as an example, other lattices can be followed in the same way. For the cubic lattice with lattice constant a , according to Eq. (S60), the electric field of each direction is given by 
